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Problem. Prove the identity
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This is conjecture (3) in the MathOverflow post by Zhi-Wei Sun [Cf. Z.-W. Sun, “Few conjectural
series for ¢(5) and ((6),” MathOverflow, 2026]'.

Theorem 1. We have
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Since H,,_1 = H,, — %, a direct expansion gives
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Therefore it is enough to prove

.22 — 4A,, + 2142 +8A3 —6A}

n(y)

= 4¢(6) + 11¢(3)%

n=1

We now use the two exact coefficient-extraction identities in [C. Li and W. Chu, “Infinite
series about harmonic numbers inspired by Zeilberger’s algorithm,” Electronic Research Archive
31 (2023), 4611-4636]2, namely Proposition 10 and Proposition 11. For brevity, write
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Expand both sides in powers of x:

A(a,b,d;x) = Z ™ Ap(a,b,d), B(a,b,d;x) = Z " Bp,(a,b,d).

m>0 m>0

For nonnegative integers i, j, k, let
R = [a'Wd"|Ag(a,b,d), R} :=[a't/d"|Bs(a,b,d).

Each such coefficient extraction is an exact identity between a denominator-binomial series on the
hypergeometric side and a closed form in the Q-span of ¢(6) and ((3)? on the gamma-quotient
side.

Using exact symbolic expansion of the two propositions to order 29, followed by exact
coefficient extraction in a, b, d, and then exact rational linear algebra over @, one obtains the
following explicit linear combination:
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This linear combination has the following exact effect:

e on the series side,
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e on the closed-form side,
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Substituting back A,, = nH, and then replacing H, by H,_1 + % yields
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as required.

Finally, the attached verification script carries out the above extraction and linear solve in
exact rational arithmetic and checks the explicit certificate by computing the residuals on both
sides. The output is

lhs residual = O, rhs residual = O,

so the certificate is exact. O
Remark 1. This is a computer-assisted proof, but every step is exact: the two parent identities

are exact analytic identities, the coefficient extraction is symbolic, the linear algebra is over Q,
and the final residual check is exact. No floating-point numerics are used.



Appendix: Python code used for the exact certificate search

The proof above is implemented by the accompanying Python script identity3_propl0_propll_extractor_v3.
The script uses sympy only, and every step is exact.
The main helper functions have the following roles.

e clean_series, add_series, mul_series, scale_series, shift_series: represent and
manipulate truncated Laurent series in the variable x. A series is stored as a dictionary
mapping each power of x to its exact coeflicient.

e reciprocal_series: computes the reciprocal of a power series with constant term 1,
truncated to the required order.

e exp_series_from_log: reconstructs exp(L(x)) from the coefficients of L(z), using the
standard recurrence for truncated exponential series.

e coeff_param, exact_degree_monomials, poly_support, expr_vec: perform exact coefli-
cient extraction in the parameters a, b, d, then convert identities into vectors for exact linear
algebra over Q.

e one_shift_series, half_shift_series, zero_shift_series: build the formal expan-
sions of the Pochhammer-type factors appearing in Proposition 10 and Proposition 11.

e gamma_log_series: expands the logarithm of the gamma-quotient factors into zeta-values,
again in exact symbolic form.

e build_shift, build_series_kernel, build_gamma_kernel: assemble the full series-side
and closed-form-side kernels attached to Proposition 10 and Proposition 11.

e extract_rows: extracts all rows [a’/d*][z%] from a chosen proposition.

e solve exact_relation: builds the exact matrix of coefficients and solves for a rational
linear combination matching the target identity.

e main: runs the whole pipeline, prints the particular 18-term certificate, and performs the
final exact residual check.

For convenience, we include the full script below.

Listing 1: Exact SymPy extractor used in the proof
#!/usr/bin/env python3
Exact SymPy extractor for Li—Chu (ERA 2023), Proposition 10 and Proposition 11.

This version uses custom truncated Laurent—series arithmetic in x, which is much
faster than repeated calls to SymPy’s general—purpose series engine.

It extracts the [x76][a”i b"j d k] rows from the normalized series—side kernels
and from the matching gamma—quotient side, then optionally tries an exact

rational relation search for identity (3).
W

import sympy as sp
from pathlib import Path

#
# Global symbols
#

x, a, b, d, n = sp.symbols("x a b d n")

hl, h2, h3, h4, h5, h6 = sp.symbols("hl h2 h3 h4 h5 h6")
ol, 02, 03, o4, 05, 06 = sp.symbols("ol 02 03 04 o5 o06")
H RAW = [hl, h2, h3, h4, h5, h6]

O RAW = [o0l, 02, 03, o4, o5, o6]

SERIES__GENS = H RAW + O_RAW

Z2, 73, Z4, Z5, 7Z6 = sp.symbols("Z2 Z3 Z4 7Z5 Z6")
ZETA = {2: Z2, 3: 73, 4: 74, 5: Z5, 6: Z6}
ZETA_GENS = [Z2, 73, Z4, 75, Z6]



MAX X ORDER = 6

PRINT MAX ROWS_PER_RECIPE = 10

WRITE_ALL_ROWS = True

TRY_SOLVE = True

ROWS DUMP = Path(___ file_ _).with name("identity3_rows__dump.txt")

TARGET LHS = sp.expand (

sp.Rational (22, 1) / n*x6
sp.Rational (4, 1) % hl / nx*x5
sp.Rational (21, 1) * hl*x%x2 / n*xx4
sp.Rational (8, 1) % hl%%3 / n*%3
sp.Rational (6, 1) % hlx%x4 / n*x2

I ++1

)
TARGET _RHS = 4 % Z6 + 11 % Z3xx2

#
# Truncated Laurent—series arithmetic in x
#

# A series is represented as a dict {degree: coefficient }.

def clean_series(s):

out = {}
for k, v in s.items():
vv = sp.expand (V)
if vv != 0:
out [k] = vv

return out

def add_series(s, t, min_deg=—1, max_deg=MAX X ORDER) :
out = dict(s)
for k, v in t.items ():
if min_deg <= k <= max_deg:
out [k] = sp.expand(out.get(k, 0) + v)
return clean_series (out)

def mul_ series(s, t, min_deg=—1, max_deg=MAX X ORDER):

out = {}
for i, ci in s.items ():
for j, c¢j in t.items():
k =1+ j

if min_deg <= k <= max_deg:
out [k] = sp.expand(out.get(k, 0) + ci * cj)
return clean_series (out)

def scale_series (s, ¢, min_deg=—1, max_deg=MAX X ORDER) :
return clean_series({k: sp.expand(c * v) for k, v in s.items() if min_deg <= k <= max_deg})

def shift__series (s, shift, min_deg=-—1, max_deg=MAX X ORDER):
return clean_series({k + shift: v for k, v in s.items() if min deg <= k + shift <= max_deg})

def reciprocal series (f, max_ deg=MAX X ORDER):

"""Reciprocal of a power series with constant term 1.
if sp.expand(f.get(0, 0) — 1) != 0:

raise ValueError ("reciprocal_ series requires constant term 1")
g = {0: sp.Integer (1)}
for m in range(1l, max_deg + 1):

acc = sp.Integer (0)

for k in range(l, m + 1):

acc += f.get(k, 0) * g.get(m — k, 0)

g[m] = sp.expand(—acc)

return clean_series(g)

def exp_series_from_log(log_terms, max_deg=MAX X ORDER):
wan
If E = exp(L) and L = sum_{m>=1} 1_m x"m, then
mE m=sum {k=1}m k 1_k E {mk}.
e = {0: sp.Integer (1)}
for m in range(l, max_deg + 1):
acc = sp.Integer (0)
for k in range(l, m + 1):
acc += k * log_terms.get(k, 0) * e.get(m — k, 0)
e[m] = sp.expand(acc / m)
return clean_series(e)

def series_coeff(s, deg):
return sp.expand(s.get(deg, 0))

def series_to__expr(s):
return sp.expand(sum(v * x*xxk for k, v in s.items()))



#

# Symbolic coefficient extraction in parameters / formal generators

#

def coeff param(expr, i, j, k):
poly = sp.Poly(sp.expand(expr), a, b, d)
return sp.expand(poly.coeff monomial(a*xi * bxxj * d*xk))

def exact_degree monomials(total deg):
out = []
for i in range(total_deg + 1):
for j in range(total_deg — i + 1):
out.append ((i, j, total _deg — i — j))
return out

def poly_ support(exprs, gens):
monoms = set ()
for expr in exprs:
poly = sp.Poly(sp.expand(expr), *gens)
monoms. update (poly . monoms () )
return sorted (monoms)

def expr_vec(expr, gens, monoms):

poly = sp.Poly(sp.expand(expr), s*gens)
out = []
for mono in monoms:

mon = sp.Integer (1)

for g, e in zip(gens, mono):

mon *= gkxxe

out.append (sp.expand (poly.coeff monomial(mon)))

return out

# Formal factor builders

#

def one_shift_ series(u, order=MAX X ORDER):
log_terms = {}
for m in range(l, order + 1):

log_terms[m] = sp.expand(((—1) *%* (m + 1)) * usxxm *x H RAW[m — 1] / m)
return exp_series_from_log(log_terms, order)
def half_ shift_series(u, order=MAX X ORDER):
log_terms = {}
for m in range(l, order + 1):
log_terms[m] = sp.expand(((—1) #*x (m + 1)) * (2 % u) *x m * O RAW[m —

return exp_series_from_ log(log_ terms, order)

def zero_shift_ series(u, order=MAX X ORDER):
log_terms = {}
for m in range(1l, order + 1):
log_terms[m] = sp.expand(((—1) *%* (m + 1)) * u*xxm x (HRAW[m —
e = exp_series_from_log(log_terms, order)

1] = 0 sx (-m)) / m)

return shift__series(scale_series(e, u / n), 1, min_deg=0, max_deg=order)

def gamma_log_series(kind, slope, order=MAX X ORDER):

out =
if slope == 0:
return out
if kind == "one":
for m in range(2, order + 1):
out [m] = sp.expand(((—1) ** m) % slopexsm * ZETA[m] / m)
return out
if kind == "half":

for m in range(2, order + 1):

out [m] = sp.expand(((—1) %% m) % (2x%xm — 1) * slopex*m * ZETA[m]

return out
raise ValueError (f"Unknown gamma kind: {kind}")

#
# Proposition 10 and 11 recipes
#
PROP10_RECIPE = {
"name": "Propositionl0",
"numerator": |
{"kind": "zero", "slope"'": 2 x a},
{"kind": "zero", "slope": 2 x b},
{"kind": "omne", "slope": —2 x b},
{"kind": "zero", "slope'": a — d},
1,
"denominator ": |
{"kind": "one", "slope": a — b},

1]

/ m)

/ m)



{"kind": "half", "slope": a + b}
{"kind": "one", ‘'slope': 2 x d}
]

s
"gamma_num": [

{"kind": "omne", "slope": a — b},
{"kind": "half", "slope": a + b},
{::klnd: ::onc"l,I ::slopc:: d},
{"kind ": half", "slope": d},

>

"gamma_den": |
{"kind": "one", "slope": a},
{"kind": "half", "slope": a},
{"kind": "half", "slope": b + d},
{"kind": "one", "slope": —b + d},

»
regularizer": {—1: sp.Rational(3, 2) *x n / a, 0: sp.Integer (1)},
"order": 6,

}
PROP11_RECIPE = {

"name": "Propositionll",

"numerator ": |
{"kind": "zero", "slope': a},
{"kind": "omne", "slope": 2 % b},
{"kind": "zero", "slope": 2 x d},
{"kind": "zero", "slope': 2 x a — 2 x b — 2 x d},

1,

"denominator ": [
{"kind": "one", "slope": a — d},
{"kind": "one", "slope": b + d},
{"kind": "half", "slope": a — b},

1

"gamma_num": [

{"kind": "half", "slope": 0},
{"kind": "half", "slope": a — b},
{"kind": "one"', ‘"slope"'": a — d},
{"kind": "one"', ‘"slope"'": b + d},
"gamma_den": [
{"kind": "one", ‘"slope': a},
{"kind": "one", ‘"slope': b},
{"kind": "half", "slope': d},
{"kind": "half", "slope': a — b — d},
>
"regularizer ": {—1: sp.Rational(3, 2) = n / a, 0: sp.Integer (1)},
"order": 6,
¥
#
# Kernel builders
#
def build__shift (spec, order):
kind = spec["kind"]
slope = spec|["slope"]
if kind == "one":
return one__shift_ series(slope, order)
if kind == "half":
return half shift series(slope, order)
if kind == "zero":
return zero_shift_ series(slope, order)

raise ValueError (f"Unknown shift kind: {kind}")

def build_series_kernel(recipe):

order = recipe ["order "]
s = dict(recipe["regularizer "))
for spec in recipe ["numerator"]:
s = mul_series(s, build_shift(spec, order), min_deg=—1, max_deg=order)
for spec in recipe ["denominator"]:
inv = reciprocal_series(build_shift (spec, order), order)
s = mul_series(s, inv, min_deg=-—1, max_deg=order)

return clean_series(s)

def build_gamma_kernel(recipe):
order = recipe["order "]

# Balance checks for the omitted linear terms.

one_num = sum((g["slope"] for g in recipe["gamma num"] if g["kind"] "one"), sp.Integer (0))
one_den = sum((g["slope"] for g in recipe["gamma_ den"] if g["kind"] "one"), sp.Integer (0))
half _num = sum((g["slope"] for g in recipe["gamma num"] if g["kind"] == "half"), sp.Integer (0))
half _den = sum((g["slope"] for g in recipe["gamma den"] if g["kind"] == "half"), sp.Integer (0))
if sp.simplify (one_num — one_den) != 0:
print (f"[warning] {recipe[’name’]}: one—base balance failed: {sp.simplify (one_num — one_den)}")
if sp.simplify (half _num — half_den) != 0:
print (f"[warning)] {recipe[’name’]}: half—base balance failed: {sp.simplify (half num — half den)}")
log_s = {}
for g in recipe ["gamma num"]:
log_s = add_series(log_s, gamma_log_series(g["kind"], g["slope"], order), min_ deg=1, max_deg=order)
for g in recipe ["gamma_ den"]:
log_s = add_series(log_s, scale_series(gamma_log series(g["kind"], g["slope"], order), —1, 1, order),

return exp_series_from_ log(log s, order)

min__deg=1



#

# Row extraction and relation solving

#
def extract_rows(recipe, x_degree=6, total param_deg=6):
s_coeff = series__coeff(build_series__kernel(recipe), x_degree)
g_coeff = series_coeff(build gamma_kernel(recipe), x_degree)
rows = []
for i, j, k in exact_degree monomials(total param_ deg):
lhs = coeff param(s_coeff, i, j, k)
rhs = coeff param(g_coeff, i, j, k)
if lhs == 0 and rhs == 0:
continue
rows.append ((f"{recipe[’name’]} : [a"{i} b7 {j} d7{k}] [x"{x_degree}]|", sp.expand(lhs), sp.expand(rhs)))

return rows

def solve__exact_relation (rows):
if not rows:
return False, None

lhs__support = poly_support ([r[1] for r in rows] + [TARGET _LHS], SERIES_GENS)
rhs_support = poly_support ([r[2] for r in rows] 4+ [TARGET RHS], ZETA GENS)
mat_rows = []

rhs_vec = []

for mono in lhs_support:
mat_rows.append ([expr_vec(r[1], SERIES_GENS, [mono])[0] for r in rows])
rhs_vec.append (expr_vec(TARGET_LHS, SERIES_GENS, [mono])[0])

for mono in rhs__support:
mat_rows.append ([expr_vec(r[2], ZETA_GENS, [mono])[0] for r in rows])
rhs_vec.append (expr_vec (TARGET RHS, ZETA GENS, [mono])[0])

M sp.Matrix (mat_rows)
v sp.Matrix (rhs__vec)
sol = sp.linsolve ((M, v))
if not sol:
return False, None
return True, list (next(iter(sol)))

#
# Main
#

def main ():
print ("Proposition 10 / 11 exact row extractor (fast SymPy version)")

print("

print (f"SymPy version: {sp.__ version__ }")
print (f"x—order: {MAX X ORDER}")

print ()

all _rows = []

for recipe in (PROP10_RECIPE, PROP11_RECIPE):

print (f'—-—— {recipe[’name’]} ——-")

s6 = series_coeff(build_series_ kernel(recipe), 6)
g6 = series__coeff(build gamma_kernel(recipe), 6)
print ("Computed [x76] on both sides.")

print ()

rows = extract_rows(recipe, 6, 6)

print (f"Extracted {len(rows)} nonzero degree—6 rows.")

for label, lhs, rhs in rows [:PRINT_MAX ROWS_PER RECIPE]:
lhs_ mon = len(sp.Poly(sp.expand(lhs), a, b, d).terms()) if lhs != 0 else 0
rhs__mon = len (sp.Poly(sp.expand(rhs), a, b, d).terms()) if rhs != 0 else 0
print (label)
print (f" lhs monomials in (a,b,d): {lhs_mon}")

print (f" rhs monomials in (a,b,d): {rhs_mon}")
print ()
if len(rows) > PRINT MAX ROWS_PER_RECIPE:
print (f"... {len(rows) — PRINT _MAX ROWS_ PER RECIPE} more rows omitted on screen.\n")

all_rows.extend (rows)

if WRITE ALL ROWS:

lines = []

for label, lhs, rhs in all_rows:
lines .append(label)
lines .append (f"lhs
lines .append (f"rhs
lines .append ("")

ROWS_DUMP. write__text ("\n".join(lines), encoding="utf —8")

print (f"Wrote full row dump to {ROWS DUMP.resolve ()}")

print ()

sp.srepr (lhs)}")

z %sp.srepr(rhs)}")

print (" Target relation :
print (f" 1lhs = {TARGET LHS}")
print (f" rhs = {TARGET RHS}")

print ()

if TRY_ SOLVE:
print ("Attempting exact relation search...")
ok, coeffs = solve_exact_relation(all_rows)

if ok and coeffs is not None:



nz = [(all_rows[i][0], sp.simplify(c)) for i, ¢ in enumerate(coeffs) if sp.simplify(c) != 0]
print ("Found an exact relation."
print (f"Nonzero coefficients: {len(nz)}")

for label, c¢ in nz:
print (f" ({c}) = [{label}]")
tau_syms = sorted (
{s for c in coeffs for s in getattr(c, "free symbols", set()) if s.name.startswith("tau")},

key=lambda s: s.name,

)

if tau__syms:

particular_subs = {t: sp.Integer (0) for t in tau_syms}
particular = [sp.simplify (c.subs(particular_subs)) for ¢ in coeffs]
nz__part = |

(all_rows[i][0], sp.simplify(c))
for i, ¢ in enumerate(particular)

if sp.simplify(c) != 0
]
print ()
print (f"Particular certificate (set all tau_i = 0): {len(nz_part)} nonzero coefficients")
for label, ¢ in nz_ part:
print (f" ({c}) = [{label}]")
else:
particular = [sp.simplify(c) for c in coeffs]
nz__part = |
(all_rows[i][0], sp.simplify(c))
for i, ¢ in enumerate(particular)
if sp.simplify(c) != 0
]
print ()

print (f"Particular certificate (unique solution): {len(nz_part)} nonzero coefficients")
for label, ¢ in nz__part:
print (f" ({c}) = [{label}]")

# Verify the chosen particular certificate explicitly.
res_lhs = sp.Integer (0)
res_rhs = sp.Integer (0)

for (_, row_lhs, row_rhs), ¢ in zip(all _rows, particular):
¢ = sp.simplify (c)
if ¢ !'= 0:

res_lhs += sp.expand(c * row__lhs)
res_rhs += sp.expand(c * row_rhs)

res_lhs = sp.simplify (sp.expand(res_lhs — TARGET LHS))
res_rhs = sp.simplify (sp.expand(res_rhs — TARGET RHS))

print ()
print ("Residual check:")
print (f" lhs residual = {res_lhs}")

print (f" rhs residual = {res_rhs}")
else:
print ("No exact relation found with the currently extracted rows.")
print ("The current row set / basis is still insufficient.")
else:

print (" Skipping exact solve.")

if name == " main, "

main ()



